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PREFACE 


The present writer had the honor and pleasure of being assigned to 
Hughes Tool Company, Culver City, California during the first three 
months of 1955, This assignment was his industrial experience tour from 
the United States Naval Postgraduate Shool, Monterey, California, While 
at Hughes, his work consisted of mathematically analizing a part of an 
electronic circuit. 

Much is known about a non-linear circuit response to & signal; 
however, little is known about a non-linear circuit response to both a 
signal and a gaussian moise, The aim of this paper is to further the 
knowledge of the latter area in regard to clippers, 

The writer wishes to thank Mr, Roderic C. Devis of Hughes Tool 
Company, Aircraft Division for his guidance, assistance, encouragement, 


and cooperation in the preparation of this paper. 
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CHAPTER I 


INTRODUCTION 


The response of an individual clipper to a sine wave signal plus 
gaussian noise has been analyzed by S. O. Rice ATE However, little 
has been written about clippers acting together in an electronic cir- 
cuit. L. Robin / 7 / has discussed clippers in response to & signal with 
noise, but under limited conditions. His discussion was based upon con- 
ditions in which the amplification factor of the device was fixed and the 
signal energies of the two channels oF and o5 were equal. 

This paper will be an extension of L. Robins! work ye tae but will 
be based upon conditions with a variable amplification factor and with 
signal energies of the two channels o? and o5 not equal. Figure lis & 


1 
functional block diagram of the circuit that will be analyzed. 


v) (t) Clipper e, (t) 
Channel 1 
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Figure l. Functional Block Diagram 





Two cases will bs considered, both of which are for signals with 
continuous, stationary, gaussian noise inputs. The first case will con- 
sider ideal clippers. See Figure 2 for plot of response for ideal 
clippers. The second case will consider the actual clippers. See Figure 


$ for plot of response for actual clippers. 
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Figure 2. Ideal Clipper Response Figure 3. Actual Clipper Response 


Chapter IT considers the case of having ideal clippers in the two- 
channel system. Rice's method /6/ of solving the problem is applied to 


obtain a solution of 
2 n2 _ 
E le, (t)| = ag — sin”! p (2.16) 
Chapter III considers the same case as Chapter II but a different 
statistical method is applied in order to obtain the solution. Notice 
that this second method is much shorter and easier than Rice's method in 
obtaining the solution that 
2 nä s 
Elo, (&)] = zx = SE p (eo) 
Consideration of the actual clipper by a combination of the methods 


of Rice /6/ and Robin Eed is discussed in Chapter IV. The solution can 





be stated in integral form as 


E [e ($) - 2002| | m «Jf. 2l 3 


2 2 [> + zl 
"EON p 2 2 
e -t 
m | paest al sinn —  — at (4.16) 
O Y1 - t 91% (1-4 ) 





or if the integration is performed and a series expansion is used, then 





mr E D 
E [eo(*)] = 4pa 0,0, (erf gr) (erf za 
2 2 2 
- 2a“p° (sil B t E = a + D^ (sp* * 8p) 
a AV NS 
> sojo5(1-p^) ^  90( - p?)W? 2o? 


D*(0 + 0%) (39 + Sp® - 2p?) 


S. E — + = - - - - ] (4.19) 


i, 2 


where 
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erf X dx 





D ` D/o1/2 = 
112 ` |. ë 


and 





erf dr 


D 8 af 


do T2 o 


Chapter V considers the actual clippers in the circuit by a differ- 
ent statistical method given by Cramér BI. The same solution is obtained 
as was obtained in Chapter IV but is expressed in a different form. The 


present solution is 


SS en] D E 
Bb] = too S frs E Q5 (5.31) 
n=0 1 2 
d 


od 





Of interest is the signal-to-noise power ratio of the input to this 


system compared to the output of the multiplier, The actual signal-to- 


ee cn 
Gr (+) - ELA Jr i 


A solution for the S/N power ratio for both the actual and the ideal 


noise ratio is 


clippers was obtained. In the case of the actual clipper several 
attempts were made to reduce the expression, but these attempts were 
unsuceessful. However, in the case of the ideal clipper, the S/N ratio 


reduced to 


in”? p (3.7) 


il 
a | to 
ae 
= 
= 


ee... 
S/N - I 5 where u 








CHAPTER 1I 


IDEAL CLIPPER METHOD I 


Ihe first case to be considered will be ideal clippers in the circuit 
of Figure 1. This analysis will use a method of mathematical analyzation 
similar to the one used in AES osa tica] Analysis of Random Noise" by 
So O. Rice STE Figure 4 and Figure 5 are the plots of the responses 


of the clippers in the two channels. 


ey (t) 


v(t) 


Figure 4. Plot of Ideal Clipper Response, Channel One 


e,(t) 


və (t) 


Figure 5. Plot of Ideal Clipper Response, Channel Two 





Il 


Let v(t) 
vo (t) 


where s(t,), D, (to); and no (to) for all t, and t, are stationary gaussian 


m(t)s(t) + n, (t) (2.1) 


m(t+T_) s(tt<) + n, (t) (2.2) 


noises which are mutually independent, 


Also, the output of the multiplier is 


e (t) = e, (t) e,(t) (2.3) 

but 
O0 
aD il vy (t) 
ei(*) = 7 a do (2.2) 
- OO | 
and 
OO 
Wovo(t) 
2V2 
_ aD S MEE. ax 
e (t) ES 5 de, (2.5) 
= © 


Proof of the above two assumed equations is in Appendix I. Therefore, 


since e (t) = e- (t) e, (t) 


00 
ni i [71 (6)+03v, (4)] 
A ae oe (2.6) 
2 
then 
oO 





pu D (+)] 
e BAH SE 


+0, EN 
 — de, (2.7) 





Since the modulating function m(t) is a non-random function, then 


. 2 
ile1vi(t)teove(t zl i 
Re le 1 272 )| us / > X, 40,0; (2.8) 
133 
2 
where Mà = MN v, (6) 
Mo = 51 = Ë v(t)v,(t) 
e 
hog = E vo (t) 


This yields 


i H e 5 
i ERA Glawe (Ell 1⁄2 [tir atu] 
e 








Ee = (2.9) 
therefore, 
co OQ o 
zi Du 107+247 90 10 ssl 
E [e (+)] op" : 
e (t = = dw, dw 
2 
| n 40, 12 
RENS 2 (2410) 


Note that a partial derivative of sl Ari with respect to Au: yields 


co 00 
2 2 
S +h 
> A D? 1 2 [395 *22919; sd 
00 wm (2.11) 


but remembering 


2 f -Q(x 2° eo > X )/2 D 
[^]. - q dx, + o. dx sa (2.12) 
ü A 


where @ is a positive definite quadratic form, and the determinant 


of the associated matrix is À. 





Then 





2p2 
$ Elo, j= (2.13) 
ui Aus 
where À = 
M2 Mz 
and then yA = VA 11 hoo a 
therefore, 
0 lp? 
Ais (t)] = (2.14) 


y 2 
ny X2 7 2 


Integrating Equation (2.14) with respect to X, gives 








À 2 
eae 
E le (+) = 2a D dx 
E N ¡A ze BR 
E 
O 
EN | 
S: À 
A ean = (2.15) 
b X 
122 
but 
2 
=E v ($) = ES “+o 
A T A U Bir m o. + ny 
2 
io = Any = Ev, (6)v,(t) = m(t)m(t+4 Jo p (To) 
and 


2 
À o =Ev, (4) = Ener] : o + E 


This can be further reduced by letting 











CHAPTER ITI 


IDEAL CLIPPER METHOD II 


The same problem that was solved in Chapter II by Rice's method /6/ 
will be solved in this Chapter by Cramer's method ME Hence, by apply- 
ing Cramer's method directly, it will be possible to make a plot of the 


mass distribution of the frequency function f (vy; vo). See Figure o; 


və (t) 


vi (t) 





Figure 6. Mass Distribution of Frequency Function f(v,, v,) 


Notice that the contribution to Ee, (t)e, (t) from the first and third 


quadrants will be e sine e]. From the second and fourth 


quadrants, one obtains -2a^p^|*. - — sint JE Adding these two results 


together gives the total contribution as 
= zaop + Loin tp] - 202p21- 1 sin? 
E ej (t)e, (t) 2a^p^ q +32 sin p 2a^p^| a y Sin o] (211) 
therefore, since e (t) = e,(t}e, (+) 


222 
D . ol 
Ble, (+)|= I sin p (559) 


10 





The first moment, E e, (*)] . was found in the above portion of this 
chapter. Now the second moment, JEROE will be obtained. See Fig- 
ure 7 for plots of the probsbility distribution of the ideal clipper's 
functions. Parts A and B of Figure 7 are plots of ei(t) versus v(t) 
and e(t) versus v(t), while parts C and D are plots of e,(t ^ versus 
v (t) and e, t)^ versus v(t). The plot of STEI" versus "NGON is 
Figure 7, part E. To obtain the second moment, efe t) Joy Cramer's 
method, notice that se ro" = E [e, (+) ° (t) ]. The sum of the four 
individual quadrants of Figure 7, part E will yield le roi OME 
Now 


an 


e [E II" - 4[— | (3. 3) 





Therefore, 
E, ^ - ape (3.4) 
At this point it is of interest to compute the signal-to-noise 
ratio. The S/N ratio for the ideal clipper is: 
{e[s (t)]} 
ee oo) 
Eje (+) | - [E e, G2]; 
Now substituting in the above equation the values found in equations 


(3.2) and (3.4), one gets for the ideal clippers 


a S J' 
a= San. 0 


S/N = dem acd = y 
a pa B | D sin"? P 


2 . -l 2 
E E sin 1 


ENS 2 
1 - [$ sin °| 


(3.6) 
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Figure 7. Probability Distribution of Ideal Clipper Functions 
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If we let u = E sin! p, then for the ide&l clippers 


2 
J EE 


1 = ue 











CHAPTER IV 


ACTUAL CLIPPER METHOD I 


In this chapter will be analyzed the circuit of Figure 1 where the 
responses of the actual clippers are represented in Figures 8 and 9. The 
approach to the problem will follow Rice's method /6/ until equation 
(4.12) is re&ched. At this point Robins! method ZZ will be used to 
complete the solution. 


Now consider the inputs, 


v (t) = m(t) s(t) +n (t) 
vo (t) = m(t+T,) s(t+T,) + n, (t) 
where s(t)), n](t,) and n (t,) for ell t, and t, are stationary gaussian 
noises which are mutually independent, 
But e,(t) = e,(t) e,(t) 


and e, (t) can be written as 


a (© sin vi(t) u sin Du 
e) (t) = + | —— y sat (4.1) 
- OO H 
also 
a fo sin vo (t) x sin Dx 
-00 x 


Proof of the above two assumed equations is in Appendix II. Combining 


and letting u = @, and x = Oo, then 


e (t) = e) (t) eo (t) 


2 [% [sin DO, sin DO, sin v.(t)@, sin v,(t)@ 
a T 2 1 I 2 2 
= —. — — —-—qahUU h' C — CS 
2 oe (o^ We 
M4200 v-co ZS 
(4.3) 
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Figure 8, Plot of Actual Clipper Response, Channel One 
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-aD 


Figure 9. Plot of Actual Clipper Response, Channel Two 


15 





Taking the expected value of each side of the above equation will get 
OO 40 .. š š I 
E | | sin Do, sin Do, sin v} (tjo) sin v, (te, 
== m= o a 
o? w? 


js] 
I2 
(4.4) 


La? o sin De. sin Do, i(v4o4 + Volo ) 
i 2 Ze 
A "1S 


-i(vyey + vag) -ilv 2v2) _ 
Ee - Ee 
Ee 


day do 


i (v40; - EM (4.5) 


2 
Using equation (2.8), one obtains 
CO (0 . ) 2 
TTE A sin Da sin Da, > ilv + Vo ) 
=. -— A { : 
(0 N ss OO a = 


i(v - vy ) 
Ee A s : de, da, (4.6) 


Now since both v4(t) and vo, (t) possess a joint gaussian probability 
distribution, it is possible to write the following from equation (2.9): 


sin Dw, sin Da E! "n a 
Ele, CIE = | — 3 2 L 7% +24, 0,0, +h, ¿000 


SA 





2 2 
Ad gel - 24,70,0, + k 
e 


de da, (4.7) 
Note that the second partial derivative of the above equation taken with 


respect to Aus glves 


CO 
. 20 








2 
sin Do, sin Del Aa 


=00 Y =00 


EN eu "ege do, de, 
(4.8) 
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LE 





To reduce to standard notation, however, let 


A] = 0, Mo = po, 0,» and Ao, = ©, 


so that 
: 1.2 
i (vy, +V 309) zo] +2po o, 007 *0,02) (4.9) 
Ee = e 
hence from equation (2.12) 


2 ee E Ja( ) 
à _ 12 k q 0040) o ao 
2$ BO EL sin Dw, sin Do, e E 1 d 2 


n 
-014 -0 
(4.10) 


Now consider the sin Do, sin D®, term by itself: 


iDo. -iD», iDo -iDo 
4 sin Do; sin Do, = -(e - e ) (e = 


iD(w., +w, ) -iD (w, +w iD (w, wo, ) -iD(@, w 
ow c l 2 ` a. A Ime NND 


Noting equation (4.11), it can be seen thet since q (5 t.) is a sym- 


metric quadratic in t, &nd t the contributionsfrom the first and second 


d 2 
terms are equal, and similarly, the contributions from the third and 
fourth terms are equal, 

From Cramer /2/ it is noted that 
: 1 
co is tX. - g Q(x,...x ) nf2 lg1 
L° ° ° — t Me 
E e 1 J J B dx,...dx, = en) ` e ê NO n) 
E. yk 


-00 
where Q is & positive definite quadratic form, À is the determinant of 


the associated matrix, and SE is the reciprocal form to Q. In this 


case, 


e e e 
Qluw; «0 ) 9191 + 2P9,S, 00, * O.Q 


ene 
2 2 
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therefore, 











2 2 
-1 x disc EM 
uds + - ++ 
E 1 - 2 of ance E 
P Eg 2 
and em à 
À = o Sen - 0 5 
ee 
8 2 
VA = 949, Va - D 
Combining, but remembering that E, = t, = D in our case to obtain 
o 2 -D° E Se * y] 
Qc Gc Eos 030 
-02 
PeH "MEE X E p2) of 12 - 
op no O 
PE -p*) To dr Pe ul (4.12) 


In order to obtain Blo, (t)] it is necessary to take a double integral 


of both sides of equation (4.12). But notice that equation (4.12) is in 


the form of 

= W(x) = F(x) 

IX 
but 

Të a = niet - £ ve9| 

O ox Se ? SS x=0 

= j F(x) dx 
O 
Then 2 y(p)= è y (x) = + (an dx 
and 
2 y(x) dx = y(p) - y(0) 


= p 2- y(x) OR + f ds [ F(x) dx 


18 








Since for this case 





el. = 0 
and d die 
D ew D 
m 2 
= v(x) E, É Sa TI, k ell KR ss E 
12 Ko JC 40 | 

- 4n (erf : )(erf : 

n (er 5,7 er 0,72 ) (4.14) 


The proof of equations (4,13) and (4.14) is in Appendix V, therefore, 


V(x) = 4np(erf 








p 
)(erf D + | ds | F(x) dx (4.15) 
o, 42 9,42 0 O 


Now applying to equation (4.12), one = 
2 


Ble, (t)| = - 2a^p n" e sel De e "al: 
D DÉC E 
=| of c. À 


a” 9195 O Le ub 2 (1- t^ ) 12 o, 
ds = 
of- 55 


* =| (4.16) 








Pres > of 


But if the order of integration is changed, the preceding equation 


reduces to: 








Ble, (t)] = pra? 9195 (erf Z ) (erf 





D? 1 2t 1 
Ss c Ë 2 Te Ona Ë =) 
Id ics DN DD o 
n Ö 1 - t2 
-D2 l 
— = + À +=) | at (4.17) 
2(1-t“) oF 1°2 o, 
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Consider the exponential term only. It is of the forme” -e”, 


Expand this in a series, then 











ies + "o y? y? ies yA 
II ES TE SA 
EU — NN l _ 2t 5 i. 
E 2 2 o.c 2 
and 2 
d" - 2 > + + d ^ 
£l = t) 91 12 o, 
then: 
2 
B. 2D [ t ] 
EURE 
4 
eo ye = =2D [2 + 2] |. t 
KS 1 2 (1- E 
1 2 
and 


6 Š 2 
E os 5 4 | t | nn t 


Ihus the first three terms of the expansion will be 


EN c 0 0 A eee 
2 2 of } 2(1-t?) 2 2 
2 2 





2(1-t^) Loi 2122 oi 71% o 
9 =- 8 = 
2 4 
2D t ]- 2D [4 š All t ] 
op Li à 487 oo L n 2 22 J* 
1 2 (sc 
x (te E EZ il |} { 
Polo 00, ae) 010, "P QE E 


which equals 


20 


























e e 
12 oy So 
2 

5 2 t 
i E di — 

l2 

Substituting back into equation (4.17) we then have 
D 
Ele, (t)] = apa“ 919, (erf ) (erf = E 
Et 
au b... t D^ r2. 2 t 
O 2, 1/2 2 az lo +) me 
= (1 - t") l-t 979 1 - +°) 


Cl et dr). 


The first term is known as the erf or error functions, and is tabu- 


L 18) 


lated, The second term will be integrated term by term, thus: 








Ef, (t)] = apa o, (erf D )(erf E ) + 





5,72 PE 
zeg Es P [o] m o° | È ^ 
7 P peal > 2.172 
979 3(1 - p^) 
2 
>F 4p(3p + 8) 
24 | 2 2 2, 3/2 
919, ESTE 
$ 5 
: (07 9)? PEPA (4,19) 
KS 2 2.5/2 ' 
919, 15 (1 = p^) 


ou 








CHAPTER V 


ACTUAL CLIPPER METHOD II 


The actual clipper in the circuit will again be considered in this 
chapter. Cramsr's method of analysis [ 2_/ will be used. It will be 
noted that the $? functions are easier to handle than the integrals of the 
preceding chapter. In using this method, it is convenient to divide the 
plane representing the inputs v(t) and v (t) into sub-regions, and com= 
pute the contribution within each sub-region to the various moments of 
the output e (t) of the multiplier, See Figure 10 for a plot of those 
sub-regions. Later, these contributions will be added in order to obtain 
the final solution of the moments of e ($). 


Assume f(v,> Va) is of the form, 








9 
*. Spee, SH, 
1 1e, 
f(v və) = 3 v M 2-|-2^ eo. 8 (5.1) 
e € E G 
210,0, Lë 2 (dp) = = 2 


but this is equal tos 
QD YIL 2) 
Ü (mi) (33) (ntl) (<2 


y (5.2) 





I! 
Q 
E o 
Q 
V) 
dg 
O 


e 
a Ë 
where @ (=) = 2 e Ç as 
Ven. 
OD 


Consider the &reas that are numbered in Figure 10, and write the 
equation of E P. (+)] for each area, Then the sum of these individual 


contributions will represent the total areao 
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Plot of Sub-Regions of Inputs 


Figure 10, 
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Area 1: 


o o 
Ss, file E f(v,, v)dv, àv, (5.3) 
Area 23 
Ele, €) = v, Ë (v. dr, (5.4) 
Area 32 
Elo, (+) E f(v;, v,)dv (5.5) 
- O D 
Area 4: 
D 00 
_ 2 | 
Ele il = D |éàm | w fv d, (5.6) 
-D 
Area 5s 
m 
E e, (9| E Y. Yo (vs Vo) dv, dr, (5.7) 
D c 
Area 6s 
D =p 
— Len 
E DER a D dv, vy fin» v.) dv, (5.8) 
Ko E 
Area 7: 


JORG) = =D“ | ^) £v, va) àv, (5.9) 








Area 8: 
D D 


li 


2 
E ki -a ^D | àv v, f(v,» v) àv, (5.10) 
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= e, (+) = Ss, ls B Si t Sisi s ee œil 
+E Bo, + Elo, G) + E fe, E) + Ë b, + E EM GH 


Area 93 


Cl Yr 2) dv, dv (5211) 
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Ad 
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but 


then D D 


E (e, (4)] = Be | mr £(v, > v.) dv, àv, a D £(v. Y „Jar, dv e 


=) D D D 
-D -D 


00 
o o ee oe : 
+ aD Clg, >» v, )àv, dv, a D ¡A Lv,» vo )dvo 


l 00 =00 | D e 00 
=D 
2 
=g D |. 
0 00 


e I 
[s Vo Els, v Jav, + G D dv, r £(v, > v,)dv, 
00 =]) D =D 


o0 D 


£(v.» v, )dv,, + SCH dv, Vo £(v, > v, )áv,, 


ENS E 


D =D 


8 
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Ë 
c 
Ü 


- aD ld Ya £(v, > v,)dv, (5.12) 
= 50 =D 
Now the above equation will be considered term by term 
Ihe following terms are yielded from the basic assumed Equation 


(5.2), 


CO CO 


oo 
a^ p^ \ feo v, )dv, dv, = c» > fce Dee) (5.13) 
p b 


= 


Ty-O 
=D) =D CO 
Ns 
2 p Mic LIND "ech 
aD Clg, Vp )av, dv, = a D > np? ( =) $ (5 (5.14) 
00) -=00 n=0 
oo =D 
_a “D° av, \f(w.. v.)dv., = AC E a ) #1 (2) (5.15) 
5 1 p^ D "^ ‘oy 2 š 
D -o Ty:O 
=D oo CO 
a D lav, |£(v,, v.)àv, — Ay» g mE." EN (5.16) 
1 Jy A NE ni 94 e. ° 
00 Ty-O 


but observe that these can be combined to give 


D 
a? p^ > E ne) 4 (2) ne) mn) (5.17) 
n=0 


but 
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e ) + dl O if T] ls even 
i = 


ee n E i£ nsis oda 


c. 
and 
CREER 
95 Co 
sel? if p is dd 
9 


therefore, note that only the odd terms of the expansion will remain, 


t 


is even 


giving 
OO 
T) a 
Dí > £. z) d E (5.18) 
ut 9. e 
Es 
n=0 
odd 


The next term is 


CO D 


2 : | <= "em 
a D dv, YY, £(v., y 


D -D 


00 | 
2 | ny Y elf 2 | 
a D En d (= dv.) 4 Fa $ a JA (5.19) 


NED ` D ep 


which equals 
ni, » 
528 «e PP 60-78 
us 1 2 2 
NEO 
TAME (2 
sj ey? Kal ^ 


The reduction of Equetion (5019) into Equation (5.20) is in Appendix Ill, 


Section 2. But 








! 
© 


if T is even 


pee 


i 


2e (2) if m is odd 
E 


and 
gr" Lekt SI" (zz) 0 if n is even 
o O 
2 2 
= sg BI if n is odd 
O 
2 
D 
2 2 
thus a D dv, Vo Clg, SE dim, = 
00 
2 E gr fe (22) | o9) - ED 
20D = & c Da (= c, dl = (5.21) 
i 2 B 
n=0 
odd 
=D D 
Now consider the term = SCH Ce, Vo fiv, vo )dv, 
so) = 


This term by similar methods is equal to 


-20°D DE d a {>a (3) - 9, grt E) (5.22) 
7-0 


odd 
But notice that the two Equations, (5.21)and (5.22), can be combined to 


give 


e) 


aco > Fl B+ OE [ME eG} eo 
ps? 








but 
e E + gl LG o if v ls even 


= sl 8 if n is odd 
xl 


8 
c 


Therefore, the two terms, oD dr, Vof (T.s v,)dv, and 


D =D 


=D D 
D Jas, k f (v) v,Jdv, are equal to 
„OD = 


~4a°D E E Ë; G) | UEL To= e) (5.24) 
n=0 


oda 4 ss D 
However, by similar means the two terms -g D I J Yi £(v,v,)dv, 
-D «p 


D 


-D 
2 > "un : e 
and -a D IE J Fa £(v.» Va) av. will yield 
=00 -D 


OO 
Ae D dE [z o ps Wi s, ES) (5.25) 
TD 


odd 


Now combine Equations (5.24) and (5.25) to obtain 


la D 25 | 2D |: ES E (2) = o, Bi E E 


CO 
cad 


EN) 
eO 





ER) e 


Now consider the term 
D D 
a” Y sl) ar dr 
i 2 12s 7 1 2 
-D =D 
which is equal to 
cO 


DE (PE opera) 


n=0 


: e E + & (2) - c, E" eg (8.27) 


by applying Appendix III, Section 2 twice. If the individual components 


above are observed, it is noted that 


pora 


li 


O if T is even 


£ dd tx if n is odd 


p B. = elt SI: O if T is even 


- 2477 (2 if n is odd 
= 


and 


z (2) + 9) (==) - 8 ENS 
Go Na 


= 28 ee if m is odd 
“o 


De ES > pa (2) O if T is even 


Sc 





= a) if n is odd 
“2 


D 


D 
Then E ) j Va Vo f(v» Vo ) dv, dv, 
= = a 
-— $2 - 0,8 = pre. o Q2 oris 
TEL 


odd 
which when multiplied out equals; 


00 
4a D? >> Cas m, » f ry "TI a) 
TS 
oe odd 
+ 40°0,6, D u ET En 
iem 
= N 
E aaa, > 2 gi SÉ sch eE a) (5.29) 
E 


Qu 
¡er 


° 
Remembering that E F. ©] is equal to the sum of the individual 


terms, this then gives 


JO] = 4a°D Da =) ME 37) 


= 


s E Ml DG) + 4a^Do e 2 e — SR SE tz 
d 


= 


SL 





CO 
+1%D0, > fy gni Ce (2 Ca 4a°D° y "CS 2 


TE n=0 
odd odd 
T A “1 
-4a Do £x nz a 9; ) + 4a“o 1% > m p? rud ( ) 
| T=0 
i odd 
Aa Do DE eth Je) (5.30) 
ep 
odd 


It is noticed that some of the terms can be combined, yielding 


Eje. Gi = AG's 195 E gr -) iii. (5.31) 


Sen : 
odd 


Note that the Equation (5.31) above differs from Equation (4.16), 


the solution of E [e,(#)] in Chapter IV. It will be proven here that 


these two solutions are identical. 


Start with Equation (5.31) and differentiate twice with respect to 


Then 


š> sË, 9 = 400,0 S E d'G SÉ E z (5.32) 


n=0 
odd 


2 7-2 
nigri (2) = 
bus >: GEM $ = (22 = 


odd 
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2 


Da. Alias 2e 4 EN 3 
20-5 llos. Aa xe of 





L 
e =œ 


an lap” (5255) 


From relationship in Appendix III, Section 4, remembering that 





eth.) £ Cu H (x) EJ 


therefore, 





Se 1 _ @ 4 1 
2 2 0,0 g 
«0.0 2(1-p") e Nx 2 
e 


e 
9 1 2 
op f Po nVi-pe 


2 





> + + LE + = (5.34) 
2(1-p") oT 12 o, 


-6 


which is equal to Equation (4.12) and, therefore, the two solutions; 


Equation (5.31) and Equetion (4.16), are equivalento 
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CHAPTER VI 


SIGNAL-TO-NOISE POWER RELATIONSHIP 


The signal-to-noise power ratio of a device and especially of an 
electronic circuit is of interest to an engineer. This chapter will 
solve for the S/N ratio at the output of the multiplier when the actual 


clippers are in the circuit, The signal-to-noise power ratio will be; 


S/N u signal power (6.1) 


(signal * noise)power - signal power 
2 
E [e (t) 
2 ; Le 1} 5 (6.2) 
E[e (+) ] ` Kal 
The next step will be to solve for the terms in the above ratio. The 
results of the solution of the actual clipper, equation (5.31), will 
give 
n-1 -l ,D 
Efe (t)] = 4a a e E sl? Ex, 
odd 
If the above term for the actual clipper is squared, this yields 
| 2 . : À : 
GEO which is the signal power term in equetion (6.1). 
The signal plus noise power term sts mo" can De found in Appen- 


dix IV, and is: 


E[e (t) ] = P £n =) zn e 


js 
e n o Ba 
2 2 Ge T-2 ,D 422 p n 
ga DE — È E —) ° (5) + 8a D’o, > = ote sch 
m. n: 91 95 n= T: 
even even 
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Qo N co T 
4. Š e N D n-1,D de p kl , n D 
8a D o MC E ET (je! (+ 
2 de N 91 1 2s m G © 
even even 
00 M n 
> CL r-l D A l DO 4 2 2 D Aë ,D ..m-2,D. 
16a p^ 9195: KO Es — b (= )® (= ) + 16a 0195 > ni $ (=) (= ) 
1 2 n=0 1 2 
even 
even 


© "d 
16a “Do, of R. p^ qn E e 7"? (D ). 1ea*pc*c p. rn alt N- NC ) 
" 95 12 — 5 So 
nz 
s even (24) 
These terms can be combined to yield the S/N power ratio. The writer 
was unsuccessful in reducing the ratio after several attempts, However, 


in the case of the ideal clippers the S/N power ratio was found in Chepter 


III to be 
2 
s/N = —#— Moro u -Eem 
S u^ n 





10, 


Bierens de Haan, D 
Cramer, H; 

Dwight, H.B. 
Jahnke, E. and 


Emde, F. 


Pipes, L. A. 


Rice, S. O, 


Robin, L. 


Sheppard, W. P. 


Stieltjes, T. J. 


Terman, F. E. 


BIBLIOGRAPHY 


NOUVELLES TABLES DE INTEGRALES DEFINIES, 
Stechert, 1939 


MATHEMATICAL METHODS OF STATISTICS, Princeton 
University Press, 1946 


TABLES OF INTEGRALS AND OTHER MATHEMATICAL 
DATA, MacMillan Co., 1934 


TABLES OF FUNCTIONS WITH FORMULAE AND 
CURVES, Dover Publication, 1945 


MATRICES IN ENGINEERING, 
Electrical Engineering, September 1937 


MATHEMATICAL ANALYSIS OF RANDOM NOISE 

Bell System Technical Journal, Vol. 23, No. 3, 
pp 282-332, July 1944. 

Vol. 24, No, 21, pp 46-196, January 1945 


FONCTION DE CORRETATION PROPRE ET SPECTRE DE 
IA DENSITE DE PUISSANCE DU BRUIT THERMIQUE 
ECRETE.  FILTRAGE DE SIGNAUX PERIODIQUES, 


SIMPLES, DANS CE BRUIT. 
Annales des Télécommunications Tome 7, 


No, 9, Septembre 1952 


ON THE APPLICATION OF THE THEORY OF ERROR 
TO CASES OF NORMAL DISTRIBUTION AND NORMAL 
CORRELATION, | 

PTRS, 192(1898) p, 101 


fa 
EXTRAIT D'UNE LETTRE ADRESSEE À M. HERMITES 
Bull. Sc. Math., 2se série, 13(1889) p, 170 


RADIO ENGINEERING, $rd edition 
MeGr&w-Hill, 1947 


26 








APPENDIX I 


PROOF OF ASSUMED EQUATION FOR IDEAL CLIPPER 


Figure 11 is a plot of the ideal clipper function. Notice from Fig- 


ure ll that the following is true: 








e) (t) = aD when v(t) SO 
= O when w (t) SR 
= =aD when vi (t) <0 
e (+) 
aD 
v) (t) 
Figure lie Ideal Clipper's Response 
Now assume e) (t) is 
iv (+) 
. aD ° 
e (t) + dito (1) 
=O 
but A = cos Á + i sin Á 
then 
00 a 
i t) 6 
` op cos v(t) 09 D sin v. ( - 
ej (t) = zr y 8 um >» (2) 
00 =D 


57 





CO 

cos 7, (te 

but AA du = O as cosine is an even function, 
200 


OO 
sin vi (to 
Now consider TER = dio, 


e» QO 


sin v4 (t)o 


š n when v (t) >0 (3) 


E, 8 
! 


O when v. (t) = @ 


il 


-& when v (t) < 0 


Then 


| 
Ë 


OR 


— (0 when v, (t) — 


when v, (t) 2x0 


= «qD when v. (t) < 0 


Thus it is seen that the assumed Equation (1) represents the relation- 


ship between the input and output of the ideal clippero 
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APPENDIX II 


PROOF OF ASSUMED EQUATION FOR ACTUAL CLIPPER 


Note from Figure 12 that the slope of e, (t) is equal to a between 


points -D and D and outside of these two points the slope is zero. 


e, (t) 





v(t) 
Figure 12. Actual Clipper's Response 
Now assume e,(t) is, 
a (9 sin v, (t)u sin Du 
-%0 u 


Take the derivative of the above equation (4), the assumed function of 


e, (8), with respect to v) (t), and this gives 


de. (+) ® cos v,(t)u sin Du 
dv, (t) Rm u 


but the right-hand side of equation (5) is an even function, therefore, 


de 102 cos v, Sa ie sin Du 
= £a du (6) 
ft 
E 
O 


FE 


which is equal to 


99 





= 0 if v(t) 5D 
2 TI : 
- El[5|= 0 b vi(t)« D 


Thus it is noted that the assumed equetion 


sin v- (tu S ao 
e,(t) == | ———— A 
1 n 2 

^00 


u 


gives the following slopess 
a when -D < v, (t$) < D 
O when -D >v, (t) >D 


Hence, the assumed equation (4) represents the relationship between 


the input and output of the actual clipper. 
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APPENDIX III 


MATHEMATICAL RELATIONSHIPS 


À few of the mathematical relationships used in the different chap- 


ters are assembled here in order to simplify the mathematics of the 
individual chapters. Section 1 is from basic definitions, Section 2 
and Section 3 are derived by partial integrations, Section 4 is an 


° ` 
extension of one of Cramer's formlas, 


Section 1. 





+2 
Y) =e 
1 d e 
p(x) = — — e dt (7) 
LET. axl 
=00 
mau d (El, 
en ax] 
n-1 A. 
4X4 u ,(a) 0° /? (8) 
Ven n 
Section 2, 
D v V fo) 
| E um (ar, = "| Ù} (x) ax (9) 
o c 
DOM l =D Ou 
D Dien 
= 94 f(x) = | p(x) dx 
-D/o; -D/o, 


D_ (md 1. a. I. [201 amt. D 
a TE 


But 
D D D 4 : 
[2^ (—) ~ e. —)| = 29) e, if N is odd 
1 1 E 
= 0 Lf Wis even 
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and 


Ml Da ¿PL Dog n D I : š 
le Gp $ ( 52] 29 Lei if nm is odd 











= 0 if N is even 
therefore, 
D v Y 
I m 12 n,D -1,D d 
— er^ Cav -22|lpe'(229-o,6'" (| 1 715 odd 
|. 94 94 1 [ 2 1 =) f 
A 
= 0 if nis ede (10) 
Section 3, 
2 Dia 
D v Vo dx 1 
4] “ent aed | È pla) ax (11) 
=D oj 1 -D/o4 
D/o D/o} 
or el ES m 20% | D & x) dx 
-D/o, -D/o, 
d/o, D Die, 
= =] 
= o x (x) = 203 x al Lex) / + 207 | e (x)dx 
=D 94 -D Sa -D/o, 
il crap. SM 0-10 , , ,n-l, D 
= len, it 22] - 205, [8 (22 + 87 >) 
l 1 H l 
2 [ -2,D n-2, D 
+ 207 E Ca =$ (= =] (12) 


but notice that 


. D D e ° 
GS Ens T) a6 if v is odd 
1 1 
H 23 M (D. 3 if vj is even 
91 

prie d aic 2 6 if n is odd 

ST = 
a ant if v is even 

Se 
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ü 


=2 el -2 ,D i ` 
5 (D E $n "e O if A is odd 


= 29 pe Dos if n is even 
c 
1 
Therefore, the equation will have even terms only and can be written 
V 
| y o Gi or 
-D 1 
De - 4noMan En ta ES 
= i = : Si 


where n is even, 


Section 4, 


22,22 
_ tx tt y -2txy 
- H (x) H (y) LE ,  3ü0-v) ` (14) 
g 
n=0 ü E 


ff (chee 
Equation (14) is a restatement of one of Cramer's equations. Note 
that, if t is replaced by -t, all the even terms remain the same while 
the odd terms are negatively changed. Therefore, if the above equation 
is subtracted from the original equation, with U replaced by -t, this 


will give twice the odd terms only. 


Then, 
OEA ; 
t'x +t y uy La 
00 = a 
>. Ey E @) cn be 6 2(1-+2) Rz - 9 1 | (15) 
p n: 2 s? 
odd e o © 
EST. 
2(l-t 
s Lae e PATEE) SN (16) 
l-t 1 - + 
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APPENDIX IV 


SECOND MOMENT OF s (t) 


The application of Cramér!s method, similar to the method md 
in Chepter V, will be used to solve for the second moment of e (t) for 
the actual clippers. The sub-regions of Figure 10 will be considered and 
the equation for the second moment of each of these sub-regions will be 
written. Then sz. the second moment of e (t), will be the sum of 
the contributions of each sub-regione 


The equations for the sub-regions follows 


Area 15 OO o 
Elfe cE) zs f(v., v,) àv, àv 
a Jo Dacus 
D D 
Area 23 D D 
2 = 
ps | 42 £ 
tal = Ta D dv, Vo £(v, Va) av, 
D D 
Area 3: -D 00 
ey 4 4 
ka =, dv, £v. ; Va) àv. 
-00 p 
Area 43 D co 


L, Q 
elt 42 2 $ 
kal a D dv, ) 95 f(v Va) dv, 
ep 


Area 5: D D 


E e f SES 
Va Y | Y 
an jS £00; 2) dv, dv, 


H 
e 


At 





Area 62 D D 


Z 
re 2 2 
d | em) d “y š 
So C) "i j f» v3) dv, 
zi =O 
Area 73 oo 
dP «| = ES E ) £i; v, ) dv, 
Área 82 D D 
z 
2x0 2 
= D 
D - 
Area 9s =) D 
pu 4.4 
E $9, 09) = aD £(v, > Va) dv, dv, 
=O) 00 


b 


aa oed 
el) Wee Gi c) 


6 
then 
QD 
& 
E e, DIE: a°D AGE x „Jar, dv, + G; ip^ 7 > f(x. Vo Jar, 
D D 
=p Qc L co 
4 4 - | ei Ee 
+ aD dv, Zei v,)dvi *oD e, Vi (vs v, )dv, + 

an D E 
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D D D -D 
28 4 2 
a vl Yo f(v» v,)dv, dv, + a D \dv, vif, v,)av, 
=D ep D £e 
=D D =D 
2 4 
+ aD dv, vof(v, 5 v, )dv,, taD dv, £(v, > v, )dv, 


= =D -00 


a 


=D =D 
4 
D Ce, v,)dv, dv, (17) 
SEET 
Now consider the above equation term ty term, The results of this 


term by term analysis will later be combined to obtain ka ° 


00 
Ep | 
D 


CO 
u 
f(x, v,)dv, dv, — tpt > Sai NES 
n=0 


ED ~ 

4 _ 44 and ‚ny/-D 
aD | f(v,, v,)àv, dv, = aD > E? LC LG 

00 BI 

00 =D uy 
T) 

Da LM 2 p Í nD Nm D 
a D dv, fu; v,)dv, = =g D ni $ Ge (2) 

D va m0 


o 
8 


00 D 


00 
N 
4 = gn > g n-Dyum(D 
aD ET f (vy vp )dv, EL ni $ (x 55) 
TO 
but notice that the above functions of $ can be combined to give 
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on 


en; gg dE saa d de: E aa 


n=0 
but PÈ) - dl, = 26) (=) if n is even 
o 
l e 
— if n is odd 
and 
ei - 2) = 2912.) if T is even 
2 2 s 2 
= 0 if n is o3d 


A 


Thus observe that only even terms will result in the solution and hence 


the four terms combine to give 


Qo 
m 
4 D \ n/D 
eo > MA) z 
BERT 2 
TEO 
even 


Now take next the term 


on D 


ED = fv ee 
e QUE v,)èT, 


which is equal to 


CG Em 
T) d > ¢ 
2 n/D š 2 n=2/D 
Km > £.- E) 2D dä. M SEN Ge 40, gn (=) (19) 
Si l 2 2 2 


From application of Appendix III, Ssstion 1 and Section 35 consider 


the term 
-D D 
4 2 2 
a D dv, Vo £r, Va) dv, 
00 -D 
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which equals, also from Appendix III, Section 1 and Section 3, 
— n 
apa n oi" - 4Do gr. 
ns G © 2 o 
= 1 E 2 2 
2 .T-2/D 
+ 4028774 iS (20) 


But Equations (19) and (20) can be combined to give 


O0 
u E) Cla w 


vi 
+ sone (=) (21) 
but 
eT) v) = if m is even 
ai (e) if n is odd 


which will give a contribution that is a product of an even term multi- 
plied by an odd terme However, it is known that an even term multiplied 


by an odd term will not yield a contribution to the solution of deelt 


Oo D 
Ane 2 
Hence these two terms, a D“ \dy v. f(v., v,)àv, and 
l 2 L e 2 
D p 
D D 
4.2 2 i 
a D dv, V5 P(T» v, )dv,, do not contribute to the solution of the 
-00 =D 


second moment of e (t) 


By similar reasoning, the two terms 
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CO D =D D 
2 20 | Api. A Da 
a D dv, |vi Di, v5)dv, and a D doa \ v7 Ps; v,)dv, 
= QD wal) 


- 2 
are observed to yield no contribution to the solution of E m ° 


Next consider the term a JA vy £(v45 y ,Jdv 197 9° 
=D -D 
By applying Appendix III, Section 3 twice, it is equal to 


00 


T). : 
N SB. _ me. 2 n" (2 
a ni pp $ CR “Do, $ o, + 407 $ o, 


2 n/D_ )- "X. 2 (D. 
p $ E 4Do, $ o; )* 40, $ = (22) 


But it is known that each multiplicand can be even only. Then Equation 
(22) by expansion is equal to 


oO 


N 
4 4 E? n/D  .n/D 4 5 N >) n=1/D_ 
40D E Lc Latz, 2 - 81 D'o, > z Vena + 
n=0 70 
even everti 
Qo » a " 
ga Do” £ e Ane - 80 DG B. iQ D e Ze 
à nš 2 1 ni 91 Së 
=O | n=0 
even ayen 
CO 
4,2 pl n-1/D \ n-1/D à? > me n-2/D 
i6a D Haute SS c ( dé EA 158 97%, $ (+ 
Te = Ha Ha 
E l | 
even ur. 
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00 
= 
pe Bei > EN (==) ME) 
= 1 2 


even 


O0 


ds 


TO 


even 


160 030 : ee diu 


1 é 


Now remembering that the second 


- 16a Do_o 


e. 
2 T) 


TU 
even 


Fn 2 
ie 


s) er. 
1 2 


(28) 


2 
moment of e (5); s Ex). is equal 


to the sum of the contributions from each sub-region, one gets 


T) 
H a 
ni 


E | - 8o*p* 


IMs 


4 
D 


IL 


E)E): 


Qo 


00 : N) š 
ana, > de nm ) e) + sd Do) 2 > i d n > 
=0 


even 
00 
ge De > = 
n= 
even 
E 
162 D007 5 fr d ER SW 2(2- -) + 
n=0 
even 
SR 
162 Doo, P E Ur + 
=0 
ef 


even 


r NG -) + 164D"9,0, > & & r2" (27 d'G 


N=0 
even 


oD 
UE 
& 97) - 


8 aD or 


n=0 
even 


on 
4 2 2 > 
16a 0,0, 
Ty-O 
even 


£. 


ni j] £. (24) 





APPENDIX V 


EVAIJATION op wä d 
| u ox V (x) x=0 


In this case it will be necossary to start with equation (4,6). 


Then 


; ! 1,22 © 2 
o < o o 
` 902 co sin DO, sin Do, 51070, +20, 0, 25x +o; 2) 
ak ERC - 
^ -00 J -00 Poe 
Lag 2 f 
zt 2040,00. (X * 95 J do, do, (25) 
then the partial derivative yields 
2 | | 2.32: e 
G -- o o o 
A ai Ss 2a 0,0, sin DA sin DO, , 2/91 +20, 970, 0,x +0, °) 
SS n^ 1 
-œ *—00 
äist - 20] 070/0,x + 0202) 
e ) do, do, (26) 


Then to evaluete for x = O, one gets 





4a" o. o, Se sin Do, -5 cu 
ax 2 O i 
x=0 Tt m 


=(00 


CO a lou 
g | sin Do, 7 02% 
=00 2 


But from Cramer yey one obtains the general term 


its i x is 
= x e 


Then, applying this to the present case, it yields for one term 


2 
hx CO T) 
dox = > => dx 
de 
Yen ^ 2h 
=) 


(28) 
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xf t? 





z 2 
2 y 
| cos tx e dx = VER o GE (29) 
-© ` 


but if both sides are integrated with respect to t between the limits of 


O and D, one obtains 





xo, 2 
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But the left-hand side of the above equation equals (by inversion of the 


order of integration of the repeated integral) 
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By applying this to the case under consideration, it results in 
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